We investigate the dynamics of a prolate spheroid in a shear flow of a shear-thinning Carreau fluid. The motion of a prolate particle is developed analytically for asymptotically weak shear thinning and then integrated numerically. We find that shear-thinning rheology does not lift the degeneracy of Jeffery orbits observed in Newtonian fluids but the instantaneous rate of rotation and trajectories of the orbits are modified. Qualitatively, shear-thinning has a similar effect to elongating the particle in a Newtonian fluid. The period of rotation increases as the particle slows down more when aligned with the flow due to a reduction of shear stresses. Unlike Jeffery orbits in Newtonian fluids, in shear-thinning fluids the period of orbits depends on the specific trajectory (or initial orientation of the particle).
I. INTRODUCTION
Pastes [1] , paints [2] , pulps [3] , and ceramics [4] , among many other chemical substances [5] , contain suspensions of (anisotropic) particles. Biological fluids also carry nutrition [6] , Bacillus species [7] , and other mobile micro-organisms of mostly rod shape [8, 9] . These are but a few examples that demonstrate the importance of understanding the underlying dynamics and rheology of particles suspended in fluid flows. As we will highlight below, this area has a long literature when the suspending fluid is Newtonian, but our understanding is much more basic when the fluid is non-Newtonian.
The presence of particles in a fluid can dramatically change its rheology. Einstein [10, 11] calculated an effective viscosity for a dilute suspension of non-colloidal hard spheres and showed that the effective viscosity of the suspension increases linearly with the volume fraction of spheres. For higher volume fractions, hydrodynamic (and contact) interactions become more significant. Suspensions generally shear thin with increasing the shear [12] while beyond a threshold exhibit shear thickening or even jamming [13] . If the particles are anisotropic, then even small deviations from spherical geometry can significantly impact the rheology even for dilute suspensions [14] . One reason for this is because elongated or rod-like particles tend to align with the flow thus changing the properties of the fluid under shear. Therefore, understanding the dynamics of even a single particle in shear is important to determine the rheology of a suspension of anisotropic particles.
The dynamics of elongated particles, for example axisymmetric ellipsoids and spheroids, display significantly more complicated behaviour than spherical particles under shear [15] [16] [17] [18] . At zero Reynolds number, spheroids and long slender bodies in shear flow undergo a periodic motion. A century ago, Jeffery [17] solved the motion of a neutrally buoyant ellipsoid of revolution in a simple uniform shear flow in the absence of inertial and Brownian forces. He found that the particle's axis of revolution rotates on infinitely many degenerate periodic orbits called "Jeffery orbits". Jeffery's solution is degenerate in the sense that the orientation of the body at long times depends on its initial orientation. Jeffery suggested that this degeneracy would be lifted by inertia and speculated that the particle would evolve to an orbit corresponding to the minimum mean energy dissipation. A year after Jeffery's calculations, Taylor [19] experimentally showed that an ellipsoid of revolution in a simple shear flow drifts through the continuous family of Jeffery orbits until the ellipsoid is rotating in a final preferred orbit. A prolate spheroid, after approximately 180 complete revolutions, would settle into a log-rolling final orbit, rotating perpendicular to the shear plane so that its long axis is parallel to the vortex direction. In contrast, an oblate spheroid, after approximately 40 revolutions, would assume a tumbling orbit in which its axis of revolution is in the shear plane and rotates with variable angular velocity. In other words, Taylor confirmed Jeffery's minimum energy hypothesis for spheroidal particles within the range of his experiments. Harper and Chang [20] later showed theoretically and experimentally that the preferred constant orbit for a dumb-bell shaped body corresponds to maximum dissipation (tumbling in the flow-shear plane). Recently, Einarsson et al. [21] [22] [23] [24] [25] [26] have shown theoretically that in the limit of weak flow and particle inertia, the degeneracy of Jeffery orbits is indeed lifted. The first effects due to weak inertia cause a prolate spheroid in simple shear to drift to a stable tumbling limit cycle, whatever the initial condition [21] .
Bretherton [27] investigated the motion of a particle of more general shape in shear flow and in the presence of rigid boundaries. He showed that axisymmetric particles follow Jeffrey's equation of motion if the aspect ratio is replaced with an approximate effective aspect ratio. The theoretical work of Hinch and Leal [28] on non-axisymmetric ellipsoids in shear flow shows that even a small deviation from axisymmetric geometry results in profound changes in the nature of the orbit. Consequently, theoretical models quantifying real solutions of particles, on the assumption of axisymmetric particles, can be inaccurate. The motion of a non-axisymmetric ellipsoid has two periodic parts called "doubly periodic" tumbling: a rapid rotation similar to Jeffery orbits and a slower drift in the orbits. Recently, Masoud et al. [29] showed numerically that porous ellipsoids follow Jeffery orbits (of impermeable ellipsoids) to very good approximation.
As noted above, most prior studies have focused on Newtonian fluids, but for suspensions in non-Newtonian fluids the fundamental building blocks governing the rheology are still being developed. Non-Newtonian carrier fluids can produce qualitative changes in the rheological behaviour of suspensions in comparison with Newtonian fluids, as an example, recent studies have calculated modifications of the Einstein viscosity for dilute suspensions of spheres in weakly nonlinear viscoelastic fluids [30] , and shear-thinning fluids [31] .
The dynamics of individual particles in flows can also be substantially modified by complex fluid rheology. Early work focused on the dynamics of spherical particles in weakly nonlinear viscoelastic fluids, and much of that work is summarized in the wonder review by Leal [32] . The dynamics of anisotropic particles in shear flows of viscoelastic fluids has also received attention. In experimental work, Saffman [33] reported that spheroidal particles deviate from Jeffery orbits in viscoelastic fluids. Experiments conducted by Bartram et al. [34] in viscoelastic fluids showed that at low shear rates (in comparison to the relaxation time of the fluid) slender bodies tend to see an increase in period of rotation and a drift towards the log-rolling position; however, at higher shear rates, they tend to face the flow direction and stop rotating. Leal [35] found similar results, calculated theoretically, for the motion of rod-like particles in second-order fluids. Brunn [36] found theoretically that the effect of a second-order fluid on ellipsoidal particles in shear flow is as follows: a prolate spheroid drifts to log-rolling, whereas an oblate tumbles around the vorticity axis in direct contradistinction to the effects of weak inertia [21] . Gunes et al. [37] carried out experiments for prolate spheroids of moderate aspect ratio in several suspending fluids. They found that elastic effects tend to increase the period of rotation and that the orbits start to drift towards log-rolling. In recent numerical simulations D'Avino et al. [38] have shown that a prolate particle in a viscoelastic fluid, achieves a log rolling orbit at low shear rates while the particle tends to align in the flow direction at high shear rates.
Much of the work on the dynamics of particles in complex fluids have focused on the effects of viscoelasticity, see for example the recent review by Shaqfeh [39] that summarizes prior research and recent advances on the rheology of particle suspensions in viscoelastic fluids. However, many realistic complex fluids tend to exhibit both viscoelasticity and shear-dependent rheology [40, 41] . Recently Datt and Elfring [31] explored different dynamics of spherical particles in shear-thinning fluids, and observed for example that the rotation rate of a sphere in shear flow is unaffected by shear-thinning rheology, but the impacts of shear rheology on the dynamics of other, (anisotropic) particles have received almost no attention. Recently, Férec et al. [42] investigated the dynamics of an two-dimensional ellipsoidal particle in shear flow of a power-law fluid using a finite element simulation. In this proceeding, the authors show a slight reduction in angular velocity that diminishes with particle aspect ratio. In this paper we consider the dynamics of a neutrally buoyant three-dimensional prolate spheroid in a shear flow of a weakly shear-thinning fluid. The is particle small enough that inertial forces are negligible and but big enough that Brownian forces do not play a role. To capture the leading-order effects of shear-thinning rheology on the dynamics, we solve for the motion of the particle for asymptotically weak shear-thinning using the Carreau model. The question we ask is whether shear-thinning rheology affects the orientational dynamics and to what extent, and in particular, is shear-thinning rheology sufficient to lift the degeneracy of Jeffery orbits in Newtonian fluids. We will show that the orbits are indeed modified but the degeneracy must remain due to the symmetry of the constitutive equations. This paper is organized as follows: we start with the rheology of shear-thinning fluids, then move to the problem of a single prolate spheroid in the linear flow of Newtonian fluid. Finally, we study the deviation of the dynamics due to weak shear-thinning.
II. MATHEMATICAL MODEL A. A spheroid in shear
We consider here a prolate spheroid B with surface ∂B, whose axis of symmetry is defined by the unit vector p as shown in Figure 1 . The polar angle of the particle, with respect to a fixed lab frame whose origin is at the particle center, is θ while φ is the azimuthal angle. The major (minor) axis length is denoted by a (b) and the aspect ratio is λ = a/b = 1/ √ 1 − e 2 > 1. The spheroid is immersed in an otherwise linear velocity field defined by
whose origin is at the center of the particle to eliminate any constant translation. The velocity gradient tensor ∇u ∞ = A ∞ is constant and may be decomposed in the usual way into symmetric and antisymmetric parts
where Ω ∞ is the angular velocity of the background flow (I is the identity). The flow-shear plane is defined by the basis e x , and e y . Given a fluid velocity field u, we define a disturbance velocity field relative to the background as
We assume no slip on the surface of the spheroid and that the disturbance flow is zero far from the spheroid, written in terms of the disturbance quantities the boundary conditions are
where Ω is the angular velocity of the spheroid (the translation velocity U = 0 by construction). The difference in the angular velocity of the spheroid and the undisturbed background flow Ω = Ω − Ω ∞ is sometimes referred to as the slip angular velocity [23] (although the no-slip condition is indeed satisfied). The evolution of the particle director isṗ
B. Shear-thinning fluids
We consider here fluids that shear thin, meaning the viscosity of the fluids, η, decreases with increasing strain rates, γ. To capture this behavior and its effect on the dynamics of a prolate ellipsoid in shear we use the Carreau model [41] for a generalized Newtonian fluid with deviatoric stress
where the functional dependence of the viscosity on the strain-rate,
is characterized by a zero-shear viscosity η 0 , an infinite-shear viscosity η ∞ , a time constant λ t , and a power-law index n < 1. The magnitude of strain-rate is defined |γ| = √γ :γ. In this study, we explore only the weakly shear-thinning effects on the dynamics of the particle. In this regard, we always assume that λ t 1/γ c , where we defineγ c ≡ √ 2E ∞ : E ∞ as the characteristic strain rate of the flow defined by the external imposed flow. The deviatoric stress may be conveniently decomposed into Newtonian and non-Newtonian parts, τ = η 0γ + τ N N where the non-Newtonian part,
is defined as the amount of shear-thinning relative to the zero-shear viscosity η 0 .
C. Motion of a particle in a complex fluid
In the absence of inertia, the velocity of a particle in a background flow of a fluid of arbitrary rheology may be written as
where U = [U Ω] is a 6-dimensional vectors containing translational and rotational velocities, likewise F = [F L] represents both force and torque [43] . We consider here a particle that is neutrally buoyant and that no other external force acts on the particle and thus F ext = 0. The term
is the drag force and torque on a particle held fixed in a background flow u ∞ of a Newtonian fluid of constant viscosity η 0 . In a Newtonian fluid this force, along with the rigid-body resistance tensor,
for the particle in the same Newtonian fluid, would entirely determine the dynamics of a freely moving particle
In a non-Newtonian fluid, there is an extra force/torque on the particle due to the extra deviatoric stress τ N N in the fluid volume V in which the particle is immersed [32] . This force given by
We may write for simplicity that velocity is composed of a Newtonian part and a non-Newtonian correction U =
The tensorsÊ U ,T U in addition toR F U , are linear operators that are calculated from the resistance/mobility problem (for the same particle) in a Newtonian fluid with viscosity η 0 . The tensorsÊ U andT U are functions of position in space that map the rigid-body motionÛ of a particle to the fluid strain-rateγ = 2Ê U ·Û and stress fieldsσ =T U ·Û, respectively.
In our study the translational velocity of the particle is zero, U = 0, and by symmetry the only relevant component of the hydrodynamic resistance isR LΩ . Because of this the above general expressions simplify considerably so that the angular velocity of the particle in a non-Newtonian fluid is
where the angular velocity in a Newtonian fluid
Clearly, the Newtonian dynamics are well known, and to determine the correction we must (only) resolve the integral on the right-hand side of (12) . The tensorsR LΩ ,Ê Ω , andT Ω for prolate spheroids are also well known (see details in appendix C), but to calculate the integral one must also know the non-Newtonian stress τ N N in the entire fluid domain and thus requires resolution of the non-Newtonian flow field. To bypass this difficulty we employ a perturbative approach wherein the leading-order contributions to the non-Newtonian stress are determined by the flow-field of the Newtonian solution τ N N ∼ τ N N (u 0 ).
D. Asymptotic solution
First we non-dimensionlize our equations (denoted by *), lengths are scaled by the major axis length a and stresses by η 0γc . The dimensionless non-Newtonian stress is thus
The Carreau number Cu =γ c λ t is the ratio of the characteristic strain rateγ c to the crossover strain-rate 1/λ t , while the viscosity ratio is β = η ∞ /η 0 . The flow quantities are then expanded in regular perturbation series in powers of Cu
where u * , and τ * are the dimensionless velocity field, and deviatoric stress fields respectively. In this way, the non-Newtonian deviatoric stress
Writing similarly for the orientational dynamics of the spheroid
we find, by way of equations (12) and (15) , that
We see that the change in the orientational dynamics depends only on the Newtonian velocity field u * 0 to leading order in Cu. The main mathematical task of this work is to calculate and integrate the tensor |γ * 0 | 2γ * 0 :Ê * Ω over the entire fluid domain V. This is a rather involved integral and therefore we want to use as amenable a representation of the Newtonian solution as possible. To this end, we use a solution based on an expansion in spheroidal multipoles taken directly from Einarsson et al. [23] . For completeness we repeat details of that solution in the appendix of this work.
For simplicity we now drop the *'s and use only dimensionless variables from this point on unless explicitly stated otherwise.
III. RESULTS

A. Jeffery Orbits
The solution to the zeroth order (Newtonian) problem yields the classical Jeffery orbits of an ellipsoidal particle in shear flow. The solution obtained by Jeffery [17] involved solving for the disturbance flow field, but it can also be found by directly integrating (13) . The angular velocity of a prolate ellipsoid in a Newtonian fluid is
where Λ =
, while the evolution of the director iṡ
Jeffery's results show that, unlike a point particle or a sphere, a prolate spheroid rotates not only with the (constant) local angular velocity of the flow but, given that object is elongated and unevenly samples the velocity field about its center, has a rotational component that depends on the orientation and aspect ratio of the spheroid. Assuming a background flow field (as we do throughout this paper)
and φ = 0 at t = 0, leads to Jeffery orbits of the form
where C is a constant of integration and the axis of revolution rotates in one of infinitely many possible periodic orbits depending on the value of C. Figure 2 shows Jeffery orbits for different values of C on a unit sphere. The Jeffery orbit on the equator of the sphere, C → ∞, is called the tumbling orbit because the vector p tumbles in the flow-shear plane. The orbit at the pole of the sphere, C = 0, where p is aligned with the vorticity direction, is called log-rolling. The period T 0 = 2π(λ 2 + 1)/λ is constant for particles of same aspect ratio and does not depend on the initial orientation of the particle (in dimensional terms the period scales with 1/γ c ). Note that the angular velocity of the particle is not constant in time but that the particle slows down when p tends to the flow direction [44] . The zeroth order (Newtonian) solution of the flow field is linear, and thus we must be able to writeγ 0 = M : E ∞ where M is a fourth order tensor that depends on the orientation of the particle alone. Substituting into (16) we obtain for each component of Ω 1
where repeated indices are summed. Although M is constructed from a known Newtonian solution the details are quite complicated (as shown in appendix ). This tensor product contains hundreds of terms and analytical evaluation of the integral proves more or less intractable and so this integral is performed numerically. After calculation of all the tensors and contractions, a trapezoidal rule in spheroidal coordinates is used for the integration with singular terms evaluated analytically. Upon resolution of Ω 1 we calculate the periodic orbits of p in a shear-thinning fluid to leading order in Cu, namely we integrateṗ
forward in time. An RK4 method is used for the time derivative of the particle's orientation, and the orientation is expressed by angles θ and φ rather than vector p to ensure unity of its magnitude. The dynamics of the spheroid can be divided into a rotation around the vorticity axis, φ (spinning), and rotation about the velocity axis, θ (oscillating). While the period in a Newtonian fluid, T 0 , is determined only by the particle shape and shear-rate, the period in a non-Newtonian fluid, T , is highly dependent on initial position of the particle and Cu number in shear-thinning fluids.
In figure 3 we show Jeffery orbits modified by shear thinning for different situations: a) different initial positions θ i (for φ i = 0), b) different initial positions on a specific Newtonian Jeffery orbit passing (θ i , φ i ) = (5π/12, 0) c) different values of Cu, and finally d) different aspect ratios λ. In these results and all that follow we take values of β = 0.5, and n = 0.5. We also take Cu = 0.1, and λ = 5 unless otherwise stated. The first thing to notice in the figures is that shear-thinning rheology does not lift the degeneracy of the Jeffery orbits observed in Newtonian fluids, unlike the effects of fluid elasticity or inertia. There are still infinitely many modified 'Jeffery' orbits, selected by the initial condition, that repeat periodically for all time. Indeed this is somewhat expected given that the generalized Newtonian fluid constitutive equation (5), maintains the symmetries of the Stokes equations and so one should not expect a symmetry-breaking drift of the orbits in time. In general we observe that shear-thinning tends to narrow the orbits in much the same way that an elongation of the particle aspect ratio does (compare figure 3a), c) with d). The change in a particular Newtonian Jeffery orbit due to shear thinning depends on the initial position as shown in figure 3b ), because of course the orbits are not continuously overlapping.
As the aspect ratio of the particle increases, the particle spends a larger amount of time aligned with the flow as the torque due to the applied background flow is diminished in comparison to the hydrodynamic resistance to rotation, as dictated by (13), and thus the period of rotation increases. Much the same thing happens with shear-thinning, where the torque is reduced due changes in the viscosity. These changes in the dynamics are illustrated in figure 4a) and 4b). In particular, note in figure 4b ) that the effects of shear-thinning on the particle spin (φ) are only apparent when the particle is aligned with the flow, φ ≈ nπ, where shear dominates and hence the particle is slowed further due to a reduction of the viscosity. When the (slender) particle is aligned with the velocity gradient changes in viscosity are less relevant as the particle is essentially pushed around its orbit. Similar results were given for two-dimensional particles in Férec et al. [42] . We note that while changes in the absolute value of the the rotation rate might be small, the changes in the period of rotation can be dramatic if the angular velocity is close to zero as shown in figure  4 ; however, while the instantaneous velocity of the particle may be accurate in either the Newtonian case, or the correction we calculate here, neglected effects such as inertia, particle eccentricity and idealizations used in Carreau model, will cumulatively affect the orbit of particle integrated over time.
As shown in figure 5 , the effect of shear-thinning varies quantitatively depending on the particular orbit but the qualitative picture is similar. In particular, the period of each orbit depends on the initial position, unlike in a Newtonian fluid, in a shear-thinning fluid each orbit has a different period.
Different orbits for different aspect ratios, λ, are shown in figure 6 . In case of a sphere, λ = 1, the period doesn't change at all. In other words, the spherical particle does is unaffected by shear-thinning as discussed in Datt and Elfring [31] . For higher aspect ratios, the orbit slows when the particle is aligned with the flow as shown in figure  6b ), and the period T thereby increases, as shown in figure 6c ). We find that shear-thinning rheology exacerbates this effect, more substantially increasing the period for larger λ as the shear stresses, which are needed to rotate a long slender particle aligned with the flow, are reduced by shear thinning.
IV. CONCLUSION
In this work, we investigated the orientational dynamics of a prolate spheroid immersed in a background shear flow of a shear-thinning Carreau fluid. An equation of motion for the rotation of the prolate particle was derived for asymptotically weak shear-thinning using a regular perturbation expansion in the Carreau number and then integrated numerically. We found that shear-thinning rheology does not lift the degeneracy of the Jeffery orbits observed in Newtonian fluid. In shear-thinning fluids there are still infinitely many orbits that repeat periodically for all time, each selected by the initial condition. However, the instantaneous rotation rate and trajectories of the orbits are modified. Qualitatively, shear-thinning has a similar effect as elongating a particle in a Newtonian fluid: shear-thinning tends to increase the period of rotation as the particle slows down more when aligned with the flow due to a reduction of shear stress. Unlike for Jeffery orbits in Newtonian fluids, in shear-thinning fluids the period of the orbits does depend on the specific trajectory (or initial orientation of the particle) because the effect of shear-thinning varies depending on the orientation of the particle.
where
Explicit expressions for spheroidal multipoles in terms of integrals of the stresslet, rotlet, and quadrupole are given in Einarsson et al. [23] and we add higher-order multipoles as needed here
The integrals I n m satisfy the relationship
To simplify integration one may employ an auxiliary coordinate system, (x , y , z ), with p aligned with x such that
Integrating one obtains
Other integrals J n m , and K n m can be calculated easily from equations (A21) and (A22).
Appendix B: A prolate spheroid in Stokes flow
Following Einarsson et al. [23] we use the following ansatz for the disturbance flow field due to a prolate spheroid in a linear shear flow
where A R , B R , C R , A S , B S , C S , and α are seven unknown scalar coefficients and are calculated by enforcing the no-slip boundary condition on the surface of the spheroid (see Einarsson et al. [23] for further details). Also
The constants for a prolate spheroid are
A R = e 2 − 1 2L (e 2 − 1) + 4e ,
2L (e 2 + 1) − 4e , 
3L (e 2 − 1)
Jeffery Orbits
The torque on a spheroid can be calculated by linearly superposing the contributions from all the contained rotlets,
where from (B1) the rotlet strength is
Ultimately, because the torque on the body is zero then the rotlet strength must be zero and hence B = 0. The Jeffery orbit solution immediately follows as this requires that
where Λ = C R /B R . The disturbance flow field may now be written more simply as
From this solution of the Newtonian disturbance flow, the strain-rate tensor maybe be calculateḋ
and we've defined Q In order to calculate the correction in the orientational dynamics of the prolate spheroid due to shear-thinning given by (16) ,
we need both the strain-rate tensor of the Newtonian solution,γ 0 , given by (B17) and the operatorsR −1
LΩ andÊ Ω from the rigid-body motion problem that we now show.
Rigid-body motion
The flow field due to a prolate spheroid rotating withΩ in a quiescent flow, obtained from (B1), iŝ
The strain-rate tensor is thenγ
and Q 
